DYNAMICS OF PLANET-CROSSING ASTEROIDS

A. MILANI Space Mechanics Group, Department of Mathematics, University of Pisa, Via Buonarroti 2, I-56127 PISA, Italy E-mail: milani@dm.unipi.it

Abstract. A small, but by no means negligible, fraction of the small bodies of the Solar System is on planet-crossing orbits, including Earth-crossing ones. The dynamics of planet-crossing asteroids/comets is strongly controlled by the occurrence of close approaches. The node crossing cycle, resulting from the secular evolution of the orbital elements, especially the argument of perihelion, is apparent in the evolution of all the elements, including the semimajor axis. The most common type of orbits defines the Geographos class, in which close approaches occur at random whenever they are made possible by the distance of the orbits. Other orbits are protected from close approaches either by mean motion resonances (Toro class) or by secular perturbations (Kozai class). The Alinda class is defined by the presence of a mean motion resonance with Jupiter, which can change over a comparatively short time the eccentricity and therefore the crossing behavior. In all cases the orbits are chaotic, and in the long run transitions between the different orbit types can occur. This paper summarizes the experimental evidence, resulting from numerical integrations, and the semianalytical theories (based upon the adiabatic invariant and upon the Kozai approximation) which can explain in a satisfactory way most of the dynamical behaviors found in the experiments.

1. THE ASTEROID COMPLEX, NEAR EARTH OBJECTS

The asteroids are a population of small bodies, whose distribution in space is concentrated in a main belt between the orbits of Mars and Jupiter (Figure 1). A significant number of objects is also found in the two Trojan clouds, roughly at the same distance from the Sun as Jupiter. A compara-

Figure 1. The asteroid complex projected on the ecliptic plane; the x, y coordinates are in astronomical units (AU). Most asteroids are found between the orbits of Jupiter (whose current position is the cross at the left) and the orbit of Mars (the line near the center), but a small fraction of the asteroids are planet-crossers.

tively small fraction of this population has orbits which can cross the orbit of some major planet; this is apparent from a plot, such as Figure 2, showing only asteroids down to given size. However the number of asteroids grows in a steep way as the minimum size considered decreases; thus at smaller sizes a comparatively large number of asteroid orbits with perihelia closer to the Sun than Mars, and even the Earth and Venus, have been discovered.

Figure 3 shows the orbital elements (a, e) of these smaller asteroids, and also of the short periodic comets, which are bodies of sizes comparable to the asteroids but more easily visible because of the release of gas and dust; these comets have often orbits crossing the orbit of Jupiter. A figure such as this one, showing the orbital elements of many small asteroids, gives a good intuitive understanding of the transport routes between the main belt and the Earth neighbourhood: these routes appear as trails in Figure 3; as an example, one route exits the main belt through the 3 : 1 mean motion resonance at a ≃ 2.5 AU, another one exploits the secular resonance around a ≃ 2.2 AU. There is a very large literature on the dynamics of main belt asteroids (also of Trojans; see [17] and references therein); the dynamical behavior of planet-crossing orbits has been studied only in comparatively recent times,

Figure 2. The asteroid complex represented in the semimajor axis a and eccentricity e plane; most asteroids are main belt: their orbits do not cross the orbits of Jupiter and Mars. The Trojans cross the orbit of Jupiter, very few asteroids brighter than absolute magnitude 13 (’ 10 km in diameter) are beyond the Mars-crossing and the Earth crossing lines.

Figure 3. The asteroids smaller than absolute magnitude 13 (dots) show a distribution, in the same a, e plane of Figure 2, extending well beyond the Mars-crossing line and even the Earth-crossing line. The short periodic comets (crosses), that is the minor planets which have, at least at some apparition, detectable emissions of gas and dust, are often found in Jupiter-crossing orbits.

and most of the studies are only descriptions of the output of numerical experiments. Clearly the numerical integration of a large sample of orbits is a necessary but not sufficient condition for understanding the complex problem of planet-crossing dynamics: the familiarity with a large set of examples needs to be supported by a number of theoretical tools. The purpose of this paper is to introduce at least some of the examples of dynamical behavior and some of the conceptual tools to understand them.

2. NORMAL PLANET-CROSSING: GEOGRAPHOS CLASS

Let us consider a planet, e.g. the Earth, on a roughly circular orbit with radius a^′, and an asteroid with an orbit having the perihelion distance q = a(1 − e) < a^′ and aphelion distance Q = a(1 + e) > a^′. Under these conditions it is clear that the two orbits could have a common point, but we need to consider the geometry in 3 dimensions.

Each of the two osculating orbits lies in a plane; these two planes being, in general, distinct, have a common line, the line of nodes. The two points of the asteroid orbit on the orbit plane of the Earth are the ascending and the descending node, with distances from the sun:

r_+ = a(1 − e^2) 1 + e cos ω

; r_− = a(1 − e^2) 1 − e cos ω

with a minimum of q and a maximum of Q, depending upon the value of the argument of perihelion ω. For some values of ω a node crossing occurs, when one of the two nodal distances r_+ − a^′ and r_− − a^′ is zero, and one of the two nodes of the asteroid orbit belongs to the osculating orbit of the Earth.

In practice, the orbital elements of the asteroid orbit are by no means constant, they slowly change, mostly as a result of secular perturbations. Over time scales of 10, 000 ≃ 100, 000 years, in many cases, the eccentricity e and inclination I undergo small relative changes, while the argument of perihelion ω performs several revolutions. In this case the asteroid is a quadruple crosser, that is there are four times during each period of circulation of ω when node crossings occur, one for each quadrant (Figure 4). In other cases, the changes in e, I are not negligible, and more complicated sequences of node crossings can occur, with up to 8 node crossings per period of ω.

The existence of node crossing has three main implications. First, the classical analytical theories to compute short periodic perturbations, secular perturbations, resonances, and solutions of any kind, are either not available or do not work properly. This results from the presence of the singularity of collision, which can occur if the Earth and the asteroid are

Figure 4. Node crossing: the two elliptic orbits in this plot have the same semimajor axis a, eccentricity e and inclination I, but different values of the longitude of the node Ω and of the argument of perihelion ω; the circular orbit has a semimajor axis a0 such that a(1 � e) < a0 < a(1 + e). For ω = 0 the elliptic orbit is linked to the circular orbit (like two consecutive links in a chain); for ω = π/2 the ellipse and the circle are unlinked, thus for some intermediate value of ω there has been a crossing of the two orbits along the line of mutual nodes.

passing through the common node at the same time. The classical perturbative theories use either series expansion, which are in this case divergent, or averaging, which results in improper (often divergent) integrals.

Second, the possibility of close approaches of the asteroid to the Earth (also to other planets) results in chaotic motion. The correlation between the Lyapounov time, over which two nearby orbits increase their distance on average by a factor exp(1), and the average time between close approaches, is well understood and has been tested in a quantitative way by [30] and by [27]. To explain in a simple way this phenomenon we can resort to a piecewise 2-body model: during the time span when the nodal distance is small enough for close approaches, if the phases of the Earth and of the asteroid along their respective orbits are independent, there is a finite chance that an encounter occurs. When this happens, we use a 2-body asteroid– Earth model, in which the asteroid follows an hyperbolic orbit around the Earth (Figure 5). A bundle of nearby orbits, with changing impact parameter with respect to the Earth, gets scattered with distances increased by a factor of 2 to 3, if the closest approach is inside 0.1 AU. This increase of the mutual distances of nearby orbits is repeated at each occurrence of a close approach, and each time the factors of increase multiply the previous

Figure 5. The increase in distance between nearby orbits during a close approach is illustrated by these hyperbolic orbits around the Earth. In this example, the asymptotic velocity at infinity is 20 km/s and the minimum distance between 0.05 and 0.1 AU.

increase; this generates an exponential divergence, with Lyapounov time roughly equal to the average time span between two close approaches.

As it is well known from both theory and numerical experiments, chaotic orbits exhibit random behavior, alternating between different states, and also diffusion in the phase space which could result in large relative changes of the orbital elements; all the planet-crossing region of the phase space is indeed a single large chaotic sea, within which every transition if possible, although not necessarily probable. Typically cometary orbits and typical near Earth asteroid orbits can be connected by an evolutionary path including deep close approaches; a good example is the numerically computed orbit of (1862) Apollo shown in [20], Figures 5 and 6.

Third, the occurrence of node crossings only for some values of the argument of perihelion, which has “secular” periods of many thousands of years, results in intermittent behavior. When the nodal distance is small, frequent close approaches result in a random walk of all the orbital elements, even the semimajor axis, with occasional large jumps. When on the contrary the minimum distance between the two orbits is high (say > 0.2 AU), the asteroid orbit shows all the features of a regular orbit, which could be represented by a Fourier series, over which averaging is meaningful, for which proper elements could be computed. However, this regular behavior only lasts until the next node crossing, when the orbital elements get random walked to some other value, from which a new regular orbit segment can begin.

Thus it is very difficult to make use of any statistical representation of the chaotic motion of an Earth-approaching body. If some kind of ergodic principle does hold for this class of orbits, that is if it is possible to exchange averages over regions of the phase space with time averages, this can occur only over times many orders of magnitude longer than the time span between two node crossings; these time spans are in practice too long to be explored numerically, even with the fastest computers of today, unless approximations are introduced which can not represent in a reliable way the real behavior of the exact orbits.

Figure 6. The semimajor axis of (1864) Daedalus as a function of time, from the output of the numerical integrations of PROJECT SPACEGUARD, over a time span of 200, 000 years. The time is is marked on the horizontal axis in thousands of years, in this as well as in the following figures. Jumps occur at node crossings with the Earth (see Figure 7) and are the result of close approaches (see Figure 8); when the nodal distance is comparatively large, the semimajor axis undergoes only small oscillations, and has negligible secular variations.

The orbits which show this intermittent behavior, alternating between random occurrence of close approaches near node crossings and regular evolution of the orbital elements (with a almost constant) when nodes are far apart, belong to the Geographos class, according to the classification proposed by [20]. This classification is based on the analysis of a set of 89 Earth-crossing orbits numerically computed for 200, 000 years; the Geographos class was the most populated one in that sample, which included orbits corresponding –although only approximately– to all the Near-Earth Asteroids known at the time. Thus we can say that the Geographos are

Figure 7. Nodal distance of the asteroid (1864) Daedalus with the Earth, as a function of time; the continuous line refers to the ascending node, the dotted one to the descending node. Four node crossings occur for every revolution of the argument of perihelion ω.

Figure 8. Close approaches of (1864) Daedalus to the Earth; in this comb plot each black line represents a close approach, and the height is the base 10 logarithm of the inverse of the minimum distance (in AU). By comparing with Figure 7, it is clear that close approaches occur at random whenever they are made possible by the distance of the orbits.

the “normal” Earth-crossing orbits, although their dynamical behavior is abnormal enough when compared to the one of the main belt asteroids.

Figure 9. The eccentricity of (1864) Daedalus undergoes smooth long term perturbations, which do not appear to be strongly affected by the close approaches occurring near the node crossings. In a sense to be defined, the secular perturbations exist and control the evolution of the elements different from the semimajor axis; in this case, a secular increase in eccentricity is the most important dynamical evolution taking place.

As an example, Figures 6-9 show the behavior of (1864) Daedalus, a typical Geographos class asteroid. The semimajor axis (Figure 6) is almost constant over time spans of several thousand years, then jumps to significantly different values, in such a way that on the long term it undergoes a kind of random walk. The nodal distance (Figure 7) crosses the zero lines near the times of the jumps in a; the actual occurrence of close approaches follows an intermittent pattern (Figure 8), which can be described as random occurrence of encounters whenever the distance between the two orbits is small enough. The eccentricity (Figure 9) changes in an almost smooth way, as if secular perturbations exist in some sense and control the evolution of the orbital elements e, ω; the same is true for I, Ω.

Two main questions arise from this empirical description of the dynamical behavior of most Earth-crossing orbits. The first question is whether it is possible to exploit this alternating, but in some sense qualitatively uniform, dynamical behavior of the Geographos class orbits to give some statistical description, as an example to compute the probability of collision with the Earth. The second question is whether it is possible to develop an analytical (or at least semianalytical) theory to account for the ostensibly regular behavior of the orbital elements e, I, ω, Ω even in the presence of node crossings and close approaches.

3. STATISTICAL THEORIES FOR ENCOUNTERS

The attempts to model the occurrence of both close approaches and collisions for planet–crossing orbits have been based upon a statistical approach, starting from the pioneering effort by Öpik, see [25]. A statistical theory can be constructed by adopting three simplifying assumptions: [1] The orbits between two consecutive close approaches are assumed to be regular and modeled in some simplified way, such that an explicit computation is possible. In the simplest possible approach, the orbits are modeled as keplerian ellipses with constant semimajor axis a, eccentricity e and inclination I, uniformly precessing with time; more elaborate models exploit secular perturbation theories, obtained by either analytical or semianalytical methods, in which the constants of the motion are “proper” a, e and I as opposed to the corresponding instantaneous, or “osculating”, elements. [2] Close approaches and collisions are modeled as purely random events. More specifically, whenever the keplerian ellipses representing the osculating orbits of one asteroid and one planet are close enough to allow for a close approach, the position of the planet and of the asteroid on the orbit (i.e. the anomalies) are assumed to be randomly distributed and uncorrelated; mean motion resonances, which constrain the two anomalies, are not allowed in the model. Each close approach is seen as a random event uncorrelated with any previous one.

[3] The orbital elements a , e, I of the asteroid are assumed to change only as a result of close approaches; in the more refined theories, this applies to the proper elements. Since at deep close approaches these changes can be computed e.g. by a hyperbolic two–body encounter approximation, the orbital evolution can be described as a random walk. For each present state, the probability (hence the expected waiting time) for a given change in the elements can be explicitly computed; this makes possible the use of Monte Carlo simulations. In some more sophisticated theories, other events which can result in changes of the elements, such as the capture in some resonance, are taken into account.

The simplest theories in this class, such as the one by Kessler, estimate the frequency of the occurrence of close approaches by modeling the asteroid orbit as if it were a probability cloud. By averaging over the angular variables ℓ (mean anomaly), ω and Ω, the probability density of the asteroid position is a function of a, e, I; because of the averaging over Ω, the probability is independent from longitude. The resulting density S(r, β) at a radius r from the Sun and at an ecliptic latitude β is given by [10], [11]: S(r, β) = 1 2π^3ra √ (sin^2 I − sin^2 β)(r − q)(Q − r)

Figure 10. The probability density of the asteroid position has been simulated by a random sample of points on orbits with random values of ℓ, ω, Ω; here they are plotted on the r, β plane (radius from the sun in AU, on the horizontal axis; ecliptic latitude in radians, on the vertical one). In the simplest Kessler type formula, the number of encounters within an impact parameter D is estimated by multiplying the probability density at the position of the Earth β = 0, r = 1 by the cross section πD^2. A more sophisticated formula takes into account the changes of the probability density with the position across the cross section disk, which is especially important when the cross section disk contains part of the boundary of the region supporting the probability cloud, as in the two cases shown in this plot.

provided r is larger than q = a(1 − e) and smaller than Q = a(1 + e), and |β| is smaller than I; S is zero if any of these constraints is not satisfied. Then the most likely number of close approaches per unit time through a cross section A can be computed from S and from the relative velocity V of the two orbits: P (r, β) = S(r, β)V A The above formula needs to be averaged over the target orbit; in the approximation of a circular orbit for the target planet, with e^′ = I^′ = 0and with r = a^′ the semimajor axis of the planet: P = V A 2π^3aa^′ sin I √ (a^′ − q)(Q − a^′) where V can be computed from the known value of the velocity of the asteroid orbit when node crossing occurs.

The cross section A for a close approach within an impact parameter smaller than D is just πD^2, and the relationship between impact parameter and minimum distance d_{MIN} is defined by the two–body hyperbolic encounter formula:

D^2 = ( 1 + 2GM^′ d_{MIN} V^2 ) d^2_{MIN} with GM^′ the gravitational constant of the planet.

More complicated formulas have been derived to take into account the eccentricity e^′ of the orbit of the planet [26]; but the main problem is not in the approximation e^′ = 0. For either r = q or r = Q or β = ±I the probability density is singular (infinite); nevertheless the probability of collision is finite, when computed as an improper integral over the cross section. Thus it is possible to regularise the apparent singularity of the probability density, e.g. with the semianalytic method of [21].

In practice, the orbits with close approaches near either perihelion (q ≃ a^′) or aphelion (Q ≃ a^′), and/or with very small I can have a very large number of close encounters, and the asteroids whose orbits evolve through one such state have probabilities of collision comparatively high and difficult to compute exactly (because of the instability of the computation). If these difficult cases are handled with care, it is possible to achieve a good accuracy in the prediction of the deep close approach frequency for a large population of orbits.

As an example, in [21] the average probability of collision with the Earth for a Near Earth orbit (with q < 1 AU at least for some time) is estimated by extrapolating from the sample of close approaches found in a 200, 000 years integration at 3.9 × 10^{−9} per year per object. The same computation done on the basis of a modified Kessler theory (with regularisation) gives a probability of 3.6 × 10^{−9} per year per object. Other authors give not very different results [?]. This means that the probabilities of collision, when averaged over a long time span and over a large number of orbits, can be computed in sufficiently accurate way. The main source of uncertainty on the probability of collision is in our very incomplete knowledge of the population of planet crossing objects, and does not depend upon lack of mathematical knowledge.

4. THE PROTECTED ONES: THE TORO CLASS

An Earth-crossing orbit of the “normal” type, that is of the Geographos class, undergoes close approaches at random, during comparatively short time spans around the epochs of the node crossings. However, there are orbits which are Near Earth in that they satisfy q < 1 AU < Q, and nevertheless close approaches either do not take place at all, or take place more seldom and with larger distances from the Earth than the statistical theories would predict.

Figure 11. Semimajor axis of the asteroid (2063) Bacchus, as a function of time, from the output of the numerical integrations of PROJECT SPACEGUARD, over a time span of 200, 000 years. A transition between an Aten type orbit (with a < 1 AU) and an Apollo type (with a > 1 AU) occurs at ’ �10, 000 years from present time, as a result of a very close approach (’ 2 radii of the planet) with Venus.

The protection mechanisms which can be responsible for this “Earthavoidance” behavior are essentially two: either node crossings occur, but close approaches do not take place even when the distances between the two orbits would allow, or node crossings do not occur. In this Section we discuss the first case, that is the Toro class, according to the classification of [20].

The empirical evidence for the existence of a Toro class of dynamical behavior is in a number of examples found by several authors, starting from [9], and in a systematic way in the large database of planet-crossing orbits generated by the PROJECT SPACEGUARD, which contain thousands of figures like Figures 11-13. The Figures we have selected refer to the asteroid (2063) Bacchus, and show the ‘normal’ Geographos class behavior, with semimajor axis jumping at random as a result of close approaches to both the Earth and Venus (Figure 11) around the node crossing epochs (e.g. Figure 12 shows the node crossings with the Earth). However, there are some node crossings with the Earth which do not correspond to close approaches: in the Figure 13 these “safe intervals” are apparent as gaps in the comb. In this example the protection mechanism is active when the semimajor axis of (2063) Bacchus is close to 1 AU, and therefore must be related to the 1 : 1 resonance, that is to a state of “Earth’s Trojan”.

Figure 12. Nodal distance of the asteroid (2063) Bacchus with the Earth; the continuous line refers to the ascending node, the dotted one to the descending node. The node crossing are comparatively frequent, and when the nodal distance with respect to the Earth is close to �0.3 AU, almost tangent encounters with Venus can take place.

Figure 13. Close approaches of (2063) Bacchus to the Earth; in this comb plot each black line represents a close approach. By comparing with Figure 11, it is clear that close approaches do not occur near eight node crossings: two around �80, 000 years, and a sequence of six between �50, 000 and �20, 000 years.

To model in the simplest way this behavior, let us assume the planet –e.g. the Earth– is in a circular orbit with radius a^′, and the asteroid has or-

Figure 14. Level curves of the inverse distance between the asteroid and the Earth –that is, apart from a constant factor, the direct perturbing function– as a function of the two mean anomalies. The perturbing function has a very sharp maximum near the ascending node, with both ℓ and ℓ0 near 0ffi, because the orbital elements (a, e, I, ω) are such that the ascending node is near 1 AU. On the same plot, the mean anomalies evolving linearly with time, with a ratio of mean motions close to 1 : 2, and a phase such that the region of close approaches is avoided.

bital elements (a, e, I, ω) such that –for some time around the node crossing epoch– the distance from the Sun at one node is close to a^′: let us say

r_+ = a(1 − e^2) 1 + e cos ω

≃ a^′ ;

note that the value of the longitude of the node Ω does not matter. For a time span short with respect to the frequencies of the secular perturbations, but longer than the orbital period, the only elements which change in a significant way are the anomalies ℓ, ℓ^′ of both the asteroid and the planet. Since these are angle variables, the short term dynamics can be described on a phase space which is a torus, the Cartesian product of two circles; a torus can be represented, as in Figure 14, as a square with the opposite sides identified.

Figure 14 shows the level lines of the gravitational potential of the Earth, as felt by an asteroid in an Earth-crossing orbit very close to a node crossing (the distance at the ascending node is less than 0.1 AU). The gravitational potential has a very sharp maximum near the node, while the perturbation due to the Earth is very small elsewhere. As time goes by, the changes in the anomalies ℓ, ℓ^′ of both orbits can be described approximately by the linear functions of time ℓ = nt + ℓ_0 ; ℓ^′ = n^′t + ℓ^′_0, with n, n^′ the mean motions. For values of a such that the ratio n/n^′ is close to a fraction q/p with q, p small integers, that is near a mean motion resonance, the orbit does not spread uniformly on the torus, but can avoid significant portions of it, possibly including the region around the maximum, that is avoiding close approaches.

That such a temporary protection mechanism can occur at some node crossings is clear, but the question is: does this happen by chance? By means of a purely cinematical description, as given above, we would expect that if a is close enough to a resonant value, the orbit will have the right phase ℓ_0 for protection at some node crossing, and then have a wrong phase in some later node crossing, essentially at random. This is not the case because the mean anomaly of the asteroid, and therefore the phase of the resonance (some critical argument of the form pℓ − qℓ^′+some combination of ω, Ω, ω^′, Ω^′), does not change linearly but is subject to a kind of restoring force. The restoring force is of course stronger the closer are the two orbits, and has very high values near the node crossings, and near the maximum point on the torus.

The behavior of the critical argument of a Toro class orbit is shown as a function of time in Figure 15, from [19]. The plot shows “avoidance”, in the sense that the dangerous position with both the Earth and the asteroid near the ascending node is avoided, but only when the nodal distance is small (less than 0.13 AU in this example). This Figure is typical of the Toro class orbits, including the case of the namesake asteroid (1685) Toro, Figure 6 in [20].

Thus the protective effect of mean motion resonance occurs much more often than it would take place if it was controlled only by chance. Figure 15 is enough to understand that the restoring force due to the perturbations from the Earth acting on the asteroid mean anomaly ℓ is pushing the orbit away from the collision.

This “negative attraction” effect is somewhat counter our earth-bound intuition, but in fact is another form of the first paradox of astrodynamics, well known to astronauts. If an asteroid (or spacecraft) is pushed forward along its orbit by some perturbing acceleration acting along track (it does not matter if this acceleration is due either to the attraction of a third body, or to the action of rocket engines), the orbital energy increases, the semimajor axis increases, and the mean motion decreases, thus the asteroid (spacecraft) is pushed backward; the displacement produced by an along track acceleration Δf is Δx = −3/2 t^2 Δf.

To transform this intuitive explanation in a rigorous mathematical ar-

Figure 15. Critical argument �5λ + 7λ0 � 2ϖ (in degrees, between 0ffi and 360ffi), over the 100, 000 years time span of numerical integration, for the asteroid (2100) Ra-Shalom. The two gaps occurring around 0ffi between ’ 62, 000 and 72, 000 years, and around 180ffi between ’ 76, 000 and 86, 500 years, indicate the avoidance of the closest approach state by means of some protection mechanism. On the contrary, between ’ 72, 000 and 76, 000 years the critical argument circulates, and the semimajor axis does not undergo resonant perturbations. Node crossings occur at ’ 66, 000 and at ’ 82, 000 years.

gument we need to resort to a semianalytical theory, obtained by averaging [19]. If σ = pℓ − qℓ^′ is a slow variable, because of n/n^′ ≃ q/p, then there is another variable τ = cℓ − dℓ^′ obtained together with σ by a unimodular transformation, that is c, d are integers and pd − qc = 1. Such τ is a fast angle, and averaging with respect to τ is a good approximation by the averaging principle [1]; if the averaging is performed over a single angle variable, the averaging principle is a rigorous theorem, with estimate of the error done in neglecting the short periodic terms. Then we are left with the semi-averaged Hamiltonian, still depending upon one angle variable:

H(σ, Σ, T ) = H_0(Σ, T ) − 1 2π ∫ 2π 0 R(σ, τ, Σ, T )dτ where Σ, T are the action variables conjugate to the angle variables σ, τ, H_0 is the Hamiltonian of the 2-body unperturbed problem transformed to the new variables, and R is the usual perturbing function of the 3-body problem, also depending upon the other orbital elements, especially ω which controls the nodal distance.

For the semi-averaged Hamiltonian H, the fast angle τ is a cyclic variable, hence T is an integral of motion; once the value of T is fixed by the initial conditions, H_0 is a function of Σ only. If we avoid being confused by too many changes of variables, and write the result as a function of some more usual variable, such as the Delaunay L = k √ a, with k = √ GM_⊙ the gravitational constant in Gauss’ form,

H = H_0 − R = − k^4M^2_⊙ 2L^2 − q p n^′L − R(σ, L) with R the averaged perturbing function. We can now understand the “repulsive” restoring force: the first derivative of H_0 with respect to L is n − (q/p)n^′, zero at the exact resonance; the second derivative is always negative.

Figure 16. Level lines, in the plane with coordinates a and the critical argument (in radians), of the semi-averaged Hamilton function at the time of the node crossing; the crosses are the orbit of (2100) Ra-Shalom, as computed numerically by the non-averaged equations of motion. Libration of the critical argument, in this case of the 5 : 7 resonance, is forced by the “infinite” potential energy maximum resulting from the averaging of the collision, in this case at the value 0ffi of the critical argument.

Thus the qualitative behavior of the semi-averaged Hamiltonian system can be understood by comparing with the simple Hamiltonian

K(x, y) = −y^2 + V (x) ;

when the nodal distance is small, V (x) has a sharp minimum near the node. But the Hamiltonian is concave with respect to y, and therefore the minima of the potential energy are avoided, exactly as the maxima in

Figure 17. Level lines of the semi-averaged Hamilton function at a time when the nodal distance has increased to about 0.13 AU. For (2100) Ra-Shalom (line with crosses) the libration has changed into circulation, because the (suitably normalized) area enclosed by the curve in the previous figure is larger than the area enclosed by the separatrix in this figure.

the more familiar case with convexity with respect to y. When the nodal distance → 0, the value of the minimum → −∞, and whatever the initial value of K there is an avoidance region near the singularity.

This behavior is shown in Figure 16, based on an explicit computation of H by numerical quadrature, for values of the other elements e, ω, I such that the nodal distance is very small. The changes in the elements different from a, ℓ are driven by the secular perturbations, rather than by the resonant interaction with the Earth. Thus we can consider the problem to be defined by the semi-averaged Hamiltonian H, depending upon time through the slow variables e, ω, I, Ω. This is the nominal situation to apply the adiabatic invariant theory [8], by which the solutions follow closely the guiding trajectories provided by the solution of the system H in the (σ, Σ) plane for fixed values of the other elements. That is, there is an “almost integral”, the adiabatic invariant, which can be computed by means of the area enclosed by the level lines of H in the (σ, Σ) plane.

When the area enclosed by the separatrix curve (which is the curve through the saddle point, corresponding to the minimum distance) becomes smaller than the area required by the adiabatic invariant, then the guiding trajectory changes topology, and the solution switches from libration to circulation, as shown in Figure 17. This explains the apparently “astute” behavior of the Toro class asteroids: whenever the perturbation due to close approaches is strong, the orbit switches to a libration state, avoiding encounters at the node; when the nodal distance increases again, the potential well is not deep enough and confinement in the libration region does not occur.

The Toro state in most cases does not last for a very long time, because resonances can protect from close approaches to one planet but can not protect for a significant span of time from close approaches to two planets, for the simple reason that the planets are not resonant among them. Thus all the Toro class asteroids change their dynamical state as a result of a close approach to a planet different from the one they are protected from, typically after a time span of a few 10, 000 years. The only known exceptions are orbits which cross only the orbit of Mars, such as the Eros clones studied by [16]; if the perihelion is well above 1 AU, a Toro-like state with Mars can protect from close approaches, even for millions of years.

It is important to remember again that all the planet-crossing orbits are strongly chaotic, thus the long term behavior of all the orbits can not be predicted; in particular, the time span of residence of a specific orbit in a Toro state with a specific resonance is unpredictable. As an example, the time in which (2063) Bacchus either has been, or will be, an Earth Trojan can not be predicted, although it has to be expected that it will get there eventually.

5. THE PROTECTED ONES: THE KOZAI CLASS

The other case of ostensibly protected behavior occurs for the near-Earth orbits of the Kozai class, according to the classification of [20]. The name comes from a namesake asteroid, (3040) Kozai, but also from the author of the seminal work on this subject [12].

The evidence from numerical integrations is that of a dynamical behavior as in the example of Figures 18-19. There are many asteroids with perihelion distance q which can, as a result of the secular perturbations to the eccentricity, decrease below 1 AU, and nevertheless there are no node crossings, that is, the nodal distance is always positive. This happens only for orbits with significant inclination, because in this case the evolution of e and ω are strongly coupled. In the example of the Figures 18-19, that is the Mars-crossing asteroid (1866) Sisyphus, q can be as low as 0.8 AU, and at the same time the nodes are above 1.1 AU, because the argument of perihelion has a value either around π/2 or around 3π/2 when the eccentricity is at a maximum.

To understand this mechanism of avoidance of node crossings we need to model the secular perturbations on (e, ω, I, Ω); for this we resort again

Figure 18. The perihelion distance of (1866) Sisyphus, when the eccentricity is near its maximum over the secular perturbation cycle, decreases well below 1 AU.

to the averaging principle, but in this case the average is performed on both the fast angles ℓ, ℓ^′, assuming that there is no mean motion resonance, that is the torus of the mean anomalies is in this case covered uniformly (more exactly, in an ergodic way, see [1]). The averaged Hamiltonian is H = 1 (2π)^2 ∫ π −π ∫ π −π [H_0 − R_{dir} − R_{ind}] dℓdℓ^′ where H_0 is the unperturbed 2-body Hamiltonian, R_{dir} = k^2m/D is the direct perturbing function (with D the distance between the asteroid and the planet, m the mass of the perturbing planet) and R_{ind} is the indirect part of the perturbing function. By a classical result, the average over the anomalies of the indirect perturbing function is zero, thus

H = H_0 − k^2m (2π)^2 ∫ π −π ∫ π −π 1 D dℓdℓ^′ = H_0 − R . There are two main methods to compute the averaged perturbing function R. It is possible to expand the perturbing potential in series, with the eccentricities and inclinations as small parameters. That is, R is expanded as a Taylor series in e, I, e^′, I^′, and for each order as a Fourier series in the angles ℓ, ω, Ω. The classical D’Alembert rules, which result from the invariance of the problem with respect to orthogonal transformations, strongly constrain the terms which can appear with non zero coefficient in such a

Figure 19. The nodal distance between (1866) Sisyphus and the Earth is always positive, that is whenever the perihelion of Sisyphus is closer than 1 AU to the Sun, this occurs either well above or well below the ecliptic plane.

series, and it turns out that only the even order terms are allowed; see e.g. [18]. Thus the lowest order terms containing the eccentricities and the inclinations are quadratic, and if the theory is truncated to degree two the secular perturbations can be described, in suitable variables, as the solutions of a system of linear differential equations.

The method outlined above is the classical one, introduced by Laplace and others more than 200 years ago, and it gives a reasonable first approximation of the secular perturbations of the orbits of moderately perturbed planets with low eccentricities and inclinations, such as the major planets Venus to Neptune. This approximation fails when eccentricity and inclination are large; in this case the largest term in the perturbing function neglected by the Laplace linear theory is the one with e^2 sin^2 I cos(2ω).

An integrable first approximation, different from a linear system, was introduced by [12]. Let us assume that the perturbing planet is on a circular orbit, and on the reference plane: e^′ = I^′ = 0. The argument applies also to the case of many perturbing planets, provided the orbits are all circular and all on the same plane. Then the problem averaged over ℓ^′ can be described in the way already introduced by Gauss, as the gravitational problem defined by a mass distributed in rings along the planetary orbits; the perturbing potential is axisymmetric with respect to the axis through the Sun and orthogonal to the plane of the planets, and the component of the angular momentum of the asteroid orbit along the same axis is preserved.

Figure 20. Level lines of the averaged perturbing function for a Kozai class orbit, in the (ω, e) plane; ω on the horizontal axis is in degrees. The node crossing lines with the Earth, where one of the two nodal distances is zero, are also drawn: the libration keeps the secular evolution of the orbits well clear of the node crossings.

In terms of H and of the keplerian orbital elements (a, e, I, ω, Ω, ℓ), the averaged Hamiltonian is independent of ℓ and of Ω, and the two conjugate variables are integrals: they are proportional to L = k √ a and to Z = L √ (1 − e^2) cos I

respectively. In conclusion H = H(ω, G; L, Z) is a one degree of freedom Hamiltonian, with two parameters L and Z. This averaged problem is integrable; once a and √ 1 − e^2 cos I are fixed, the secular evolution can be described as a curve in the (e, ω) plane; I is a function of e, which can be deduced from Z = const, and Ω does not matter. This curve can be drawn as level curve of the function H(ω, e).

For low inclination the H = const curves in the (e, ω) plane are not very different from e = const lines; but for large I, the coupling terms such as the one with e^2 sin^2 I cos(2ω) become dominant, and the eccentricity undergoes large relative changes as ω circulates. Below a critical value of Z/L, the topology of the level curves of H changes and a separatrix appears, bounding a region where ω librates, typically around either π/2 or 3π/2. This Kozai resonance is especially effective in keeping the perihelion of the

Figure 21. Level lines of the averaged perturbing function of an orbit which could cross the orbit of Jupiter. The Jupiter-crossing line is also drawn, and the level lines are non smooth along it, because of the divergence phenomenon discussed in the text.

asteroid out of the plane of the perturbing planets. Figure 20 shows the phase space of the averaged problem, for values of the initial conditions consistent with those of the asteroid (3040) Kozai. A large libration region is “safe” from node crossings; there are also many solution curves where a strong e − ω coupling achieves the same result, because ω can be near 0, but only for e near its minimum value.

The same mechanism protects the high inclination asteroids at the outer edge of the main belt from close approaches to Jupiter, as in Figure 21, because ω = π/2 implies that not only the perihelion, but also the aphelion is out of the plane of the planetary orbits. When on the contrary the planet with which collision could occur has a semimajor axis a^′ very close to a, then the node crossings are avoided when the nodal points are at perihelion and at aphelion, that is for ω ≃ 0 and ω ≃ π, as in Figure 22 and in [13]. For very high inclination the same averaged dynamics can result in increases of the eccentricity up to values very close to 1, and then the fate of the orbit can be to encounter the surface of the Sun; however this requires a very high initial inclination, and occurs almost only to comets [2].

The behavior of the Kozai class asteroids implies that the Öpik-Kessler methods to compute probability of collision might fail, in that they give a finite probability to collisions which can not occur at all. A more flexible method to compute frequency of close approaches and probability of collision, which could take into account the actual occurrence of node crossings, was developed over many years, beginning with the basic formulas devised by [25], later extended and developed by [29], [6], and many others. The basic geometric idea is as follows. When two osculating orbits have a small nodal distance, it is possible to approximate a short span of both ellipses with their tangent lines at the respective nodal points, parametrized in such a way that the velocity at the nodal point is the same on the ellipses and on the straight lines. Then the distance, as a function of the parameters on these straight lines, is an easily computed quadratic form. From this approximate distance function it is possible to compute analytically the time span spent by the two orbits in the region where the distance is less than a given impact parameter.

The large scale tests performed in [21] show that the Öpik-Wetherill method is very effective in predicting the number of close approaches which is possible at each actual node crossing, thus it solves the problem of computing the probability of collision for the Kozai class, provided the secular evolution of the orbital elements e, I, ω is available, e.g. from numerical integrations. It is also a very effective method to detect Toro class orbits, which by definition violate the formula, by avoiding close approaches at actual node crossings. This method can not be used for low inclination and almost tangent encounters, the same difficulties found with the Kessler method.

The Figures 20, 21 and especially 22 show that the level curves of the averaged Hamiltonian H are not smooth on the node crossing lines. Indeed the integral over the torus of the variables ℓ, ℓ^′ is an improper one, and it is convergent because the singularity of collision is a pole of order one. On the contrary, if the averaging is applied to the right hand side of the equation of motion, the singularity of collision is a pole of order two, and the improper integral over the torus is not convergent. Thus the very meaning of the secular perturbation equations is uncertain.

Recently it has been shown [7] that the averaged Hamiltonian H, although not smooth, has enough regularity –in a neighbourhood of the node crossing line– to allow a generalized definition of secular perturbation equations. This has been obtained by using the Öpik-Wetherill approximation of a short stretch of the orbits near the mutual node with straight lines. The approximate distance function d between the points on the straight lines is a quadratic form, and then the integral of 1/d over the torus can be computed either analytically or semi-analytically; the singularity of 1/d at exact node crossing is used to remove the singularity from the improper integral (Kantorovic method to compute improper integrals).

In this way it is possible to compute secular orbits even in the presence of node crossings, and thus to compute the secular frequency of circulation/libration of ω and of circulation of Ω. As a matter of principle, this

Figure 22. Averaged perturbing function of an orbit with a = 0.98 AU, which could cross both the orbit of the Earth and the orbit of Venus. The safe Kozai class state is obtained for libration of ω around 0ffi. Along the node crossing lines with the Earth (on the right) and with Venus (on the left) the solution curves of the averaged problem are not smooth; to define a secular frequency of libration/circulation of ω requires a suitably generalized definition of secular perturbations.

allows one to use the Kozai theory as a first integrable step in a perturbation theory, to study secular resonances, and to compute proper elements even for planet-crossing orbits; the theory developed in [7] contains explicit algorithms for this, but most of the work remains to be done.

6. THE SPACEGUARD DYNAMICAL CLASSIFICATION

The current empirical knowledge, based mostly on numerical integrations, on the dynamical behavior of Earth-crossing orbits –over time scales of a few 10, 000 to a few 100, 000 years– can be summarized in a classification of the orbit types following [20]. For most, but by no means all, of the classes some theory is available, at least as a tool to understand the qualitative features, and as a first approximation. For longer time spans (millions of years) other dynamical phenomena, such as the secular resonances, are relevant, as well as the complex effects of chaotic diffusion.

The classification uses as criteria the main features of the planet-crossing dynamics: node crossings and close approaches to the Earth, mean motion resonances with the Earth, the value of q below/above 1 AU, mean motion resonances and approaches with Jupiter. The logic is summarized in the block diagram of Figure 23.

Figure 23. The SPACEGUARD dynamical classification of Near Earth Orbits: the procedure by which the orbit of a Near Earth Asteroid is assigned to a class is described as a block diagram; the questions asked in the decision boxes are explained in the text.

For each asteroid which comes “Near Earth” in some sense (say q < 1.1 AU) the nodal distance is computed as a function of time; the first question is whether it has node crossings with the Earth. If there are no node crossings, but the perihelion distance is –at least for part of the time, during a period of ω– below 1 AU, the orbit is protected by secular perturbations and is classified as Kozai class. If the perihelion is above 1 AU, and the orbit is not involved in any major mean motion resonance with Jupiter, then it belongs to the Eros class; as it is the case with the namesake asteroid (433) Eros, it could become an Earth-crosser and have a significant probability of impacting the Earth, but only as a result of secular resonances, acting over time scales of millions of years [15], [16].

On the other hand, an asteroid which is not presently Earth-crossing could be strongly perturbed by a mean motion resonance with Jupiter; in this case, it belongs to the Alinda class. The behavior of the semimajor axis of an Alinda is easily identified, because the resonant perturbations by Jupiter generate large and rapid changes in a, as in the example in Figure 24. However, the reason for placing these orbits in a separate class is the very rapid secular evolution of the eccentricity shown in Figure 25; as a result, the value of q can decrease below 1 AU in a very short time span, typically of the order of a few 10, 000 years.

Figure 24. Semimajor axis of the asteroid (2608) Seneca from the output of the PROJECT SPACEGUARD numerical integration. The large changes in semimajor axis are due to a mean motion resonance with Jupiter, in this case the 3 : 1.

The superposition of the large changes in e and of the resonant changes in a results in a nodal distance which changes in a significant way both over time scales of a few hundred years –the typical period of the resonance critical arguments– and over a time scale of several thousand years –the period of the secular perturbations. This can generate the so called supercrossing behavior, in which node crossings take place at intervals of a few hundred years, but also a comparatively rapid change between Apollo orbits (with q < 1 AU) and Amor orbits (with q > 1 AU), as shown in Figure 26.

The dynamical behavior of the orbits in mean motion resonance with Jupiter has been studied with semianalytic techniques, e.g. in [22], [23], and is understood at least in qualitative terms. However, the interaction between the resonant, but long distance, perturbations by Jupiter and the short range interactions with the terrestrial planets results in a very complicated behavior of these Kirkwood gap asteroids. The evidence from numerical integrations indicates that there is a synergic effect, by which the orbital elements of the Alinda can change very rapidly, to the point that the distinction between orbits which either are or are not presently Earthcrossing is irrelevant, even over time scales of a few 10, 000 years.

Going back to the first decision box in Figure 23, if node crossings with the Earth do occur, the orbit is Toro class if it is sometimes locked in a mean motion resonance, and this resonance is effective to avoid (at least decrease in frequency and depth) the close approaches to our planet. If this is not the

Figure 25. The eccentricity of the asteroid (2608) Seneca undergoes very large changes, especially when the locking in the mean motion resonance is maintained for many thousands of years, as it is the case in the positive time portion of this numerical integration. As a result, in this example the perihelion distance change from values above 1 AU to Mercury-crossing values.

Figure 26. Nodal distance of the asteroid (2608) Seneca with respect to the Earth. The orbit changes between Earth-crossing and not crossing states over a few thousands of years, and also shows the peculiar super-crossing behavior, in which the nodal distance goes through zero during each cycle of the critical arguments of the 3 : 1 resonance with Jupiter, that is over a time span of a few hundred years.

case, the time series of a should be examined to decide if the contributions from short range interactions with the terrestrial planets are the dominant source of changes. A formal test based upon correlation analysis could be used, as in [21], Section 5; but in most cases visual inspection of the orbital elements plots is enough to decide. The Earth-crossing orbits for which the evolution of a is dominated by close approaches to the Earth (and in some cases to Venus) are Geographos class; the ones where resonant perturbations from Jupiter are dominant are again Alinda class.

The classification scheme described above is logical and for each class there are analytical tools to understand the dynamical behavior. Now come the cases for which the theories are still inadequate, although they can be used to describe the behavior in a qualitative sense. If the evolution of the orbital elements, in particular for the semimajor axis, is neither dominated by the close approaches nor by the mean motion resonances with Jupiter, and nevertheless node crossings take place with the terrestrial planets, the orbit is too strongly perturbed to be described by the currently available theories. If this is due to the occurrence of close approaches to Jupiter, this is a typical cometary orbit (of the so-called Jupiter family); the fact that objects in such orbits can be found in catalogues of asteroids should not be surprising. If it is indeed physically a comet, with a high content of volatiles, this means only that when the perihelion descends below some critical value for sublimation (depending upon the surface composition) the occurrence of an outburst is not necessary, but may depend upon the state of the surface, which in turn may depend upon the dynamical and physical history. On the other hand the same orbit could result from dynamical evolution either from an Alinda class of from a marginally unstable Trojan, and could correspond to an object with asteroidal composition.

There is still one case, corresponding to the last box on the right in Figure 23: there are orbits which are not resonant with Jupiter (at least not for a significant span of time), do not undergo orbital changes dominated by close approaches to the terrestrial planets, and are neither Jupiter crossing nor Jupiter approaching; according to the classification of the PROJECT SPACEGUARD they form the Oljato class, from the namesake asteroid (2201) Oljato; see [20], Figure 14. These orbits have an eccentricity very large and changing secularly, low to moderate inclination, and very frequent close approaches to the terrestrial planets; they can be described as cometlike orbits with aphelia just decoupled from Jupiter, and therefore are likely to be a very important step in the dynamical pathway of transition between Jupiter family comets and Near Earth asteroids.

The problem is, these are the orbits we are not yet able to model analytically in all their complexity, because the combined effects of secular resonances and close approaches to the terrestrial planets play an essential rôle in the evolution of the Oljato class orbits. Theories are available for secular resonances, especially the most important one, resulting from the argument of perihelion ϖ = ω + Ω of the asteroid revolving around the Sun with the same average rate as the one of Saturn [24], but these theories are not consistently applicable when close approaches with the Earth can take place; numerical experiment confirm the existence of the secular resonances even where node crossing can occur [5]. In the near-Earth and near-Mars region other secular resonances, locking the asteroid perihelium and node to the ones of the terrestrial planets, are known to occur [14], [16], but the theory exists so far only for low eccentricities and non-crossing orbits. The Oljato class orbits are often found in the Taurid region [28]; large scale changes in the orbital elements, resulting from resonances, provide the entrance path into this region, with orbits coming both from the asteroid main belt and from the Jupiter family of comets, and the exit path: collision with the Sun [4], hyperbolic expulsion after a close approach to Jupiter, and less frequently collision with one of the terrestrial planets.

I would like to conclude by saying that the dynamical classification of [20] is an useful tool to understand the dynamics of the Earth-approaching objects, but it needs to be stressed that all these are strongly chaotic orbits, and that all the orbital elements can undergo large relative changes, as a result of either deep close approaches or the action of some resonance. Thus transitions can occur (see [20], Figure 16), and indeed often occur, between the dynamical classes. The Toro and Alinda classes are especially unstable, with typical residence times in the class < 100, 000 years. As an example, transitions can occur between the Alinda, comet-like and Oljato classes; that is, an asteroid coming from some Kirkwood gap can be injected into a comet-like orbit as well as ending up as a meteorite.

Acknowledgements

The author wishes to thank A. E. Roy, P. Farinella and G.-F. Gronchi for their assistance in revising the manuscript.

References

1. Arnold, V.: 1976, Les méthodes mathématiques da la mécanique classique, Editions MIR, Moscou.

2. Bailey, M.E., Chambers, J.E., Hahn, G: 1992, ‘Origin of sungrazers: a frequent cometary end state’, Astron. Astropys. 257, 315–322.

3. Bottke, W. F. Jr., Nolan, M.C., Greenberg, R., Kolvoord, R. A.: 1994, ‘Collisional lifetimes and impact statistics of near-Earth asteroids’, in Hazards due to comets and asteroids, T. Gehrels ed., Univ. of Arizona press, 337–358 4. Farinella, P., Froeschlé, Ch., Froeschlé, C., Gonczi, R., Hahn, G., Morbidelli, A., Valsecchi, G.B.: 1994, ‘Asteroids falling into the Sun’, Nature 371, 314–317 5. Froeschlé, Ch., Hahn, G., Gonczi, R., Morbidelli, A., Farinella, P.: 1995, ‘Secular resonances and the dynamics of Mars–crossing and near-Earth asteroids’, Icarus 117, 45–61 6. Greenberg, R.: 1982, ‘Orbital interactions: a new geometrical formalism’, Astr. J 87, 184–195 7. Gronchi, G.F., Milani, A.: 1998, ‘Averaging on Earth-crossing orbits’, submitted. 8. Henrard J.:1993, ‘The adiabatic invariant in classical mechanics’, Dynamics Reported 2 9. Janiczek, P. M., Seidelmann, P. K. and Duncombe, R. L.: 1972, ‘Resonances and encounters in the inner Solar System’, Astron. J. Vol. 77, pp. 764–773 10. Kessler, D.J., Cour-Palais, B.G.: 1978, ‘Collision frequency of artificial satellites:

the creation of a debris belt’ J. Geophys. Res 83, 2637–2646 11. Kessler, D.J.: 1981, ‘Derivation of the collision probability between orbiting objects:

The lifetimes of Jupiter’s outer moons’, Icarus 48, 39–48 12. Kozai, Y.: 1962, ‘Secular perturbation of asteroids with high inclination and eccentricity.’, Astron.J. 67, 591-598 13. Michel, P., Thomas, F. C.: 1996, ‘The Kozai resonance for near-Earth asteroids with semimajor axes smaller than 2 AU’, Astron. Astrophys. 307, 310–318 14. Michel, P., Froeschlé, Ch.: 1997, ‘The location of linear secular resonances for semimajor axes smaller than 2 AU’, Icarus 128, 230–240 15. Michel, P., Froeschlé, C., Farinella, P.: 1996, ‘Dynamical evolution of two near- Earth asteroids to be explored by spacecraft: (433) Eros and (4660) Nereus’, Astron.Astrophys. 313, 993–1007 16. Michel, P., Farinella, P., Froeschlé, C.: 1996, ‘Dynamics of Eros’, submitted. 17. Milani, A.: 1993, ‘The Trojan asteroid belt: proper elements, stability, chaos and families’, Celestial Mechanics 57 59–94 18. Milani, A. : 1994, ‘Proper elements and stable chaos’, in From Newton to chaos:

modern techniques for understanding and coping with chaos in N–body dynamical systems, A. E. Roy & B.A. Steves eds., Plenum, New York, pp. 47-78.

19. Milani, A., Baccili, S.: 1998, ’Dynamical classification of Earth-crossing orbits: the dance of the Toro asteroids’, submitted.

20. Milani, A., Carpino, M., Hahn, G. and Nobili, A. M.: 1989, ‘Dynamics of Planetcrossing Asteroids: Classes of Orbital Behavior’, Icarus Vol. 78, pp. 212–269 21. Milani, A., Carpino, M. and Marzari, F.: 1990, ‘Statistics of Close Approaches between Asteroids and Planets:’, Icarus Vol. 88, pp. 292–335 22. Moons, M., Morbidelli, A. : 1995, ‘Secular resonances in mean motion commensurabilities; the 4/1, 3/1, 5/2 and 7/3 cases’, Icarus 114, 33-50 23. Morbidelli, A., Moons, M. ; 1993, ‘Secular resonances in mean motion commensurabilities; the 2/1 and 3/2 case’, Icarus 102, 316-332 24. Morbidelli, A.; 1993, ‘Asteroid secular resonant proper elements’, Icarus 105, 48–66 25. Öpik, E. J.: 1951, ‘Collision probabilities with the planets and the distribution of interplanetary matter’, Proc. R. Ir. Acad. 54A, 165-199 26. Steel, D.I., Baggaley, W.J.: 1985, ‘Collisions in the solar system–I. Impacts of Apollo-Amor-Aten asteroids upon the terrestrial planets’ Mon. Not. R. Astr. Soc. 212, 817–836 27. Tancredi, G.: 1998, ‘Chaotic dynamics of planet-encountering bodies’, Celestial Mechanics, in press.

28. Valsecchi, G.B., Morbidelli, A., Gonczi, R., Farinella, P., Froeschlé, Ch., Froeschlé, C.: 1995, ‘The dynamics of objects in orbits resembling that of P/Encke’, Icarus 118, 169–180 29. Wetherill, G.W. : 1967, ‘Collisions in the asteroid belt’, J. Geophys. Res. 72, 2429– 2444.

30. Whipple, A.: 1995, ‘Lyapounov times of the Inner Asteroids’, Icarus 115, 347-353 31. Williams, J.G., Faulkner, J.: 1981, ‘The position of secular resonance surfaces’, Icarus 46, 390–399.